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ABSTRACT: The bond fluctuation model on the simple cubic lattice with a bond-length dependent
potential energy favoring long bonds exhibits a glassy freezing in as the temperature is lowered, many
properties being qualitatively similar to experiment. The present paper studies the dynamical properties
of the model (as they result from the “random hopping” algorithm), using configurations of undercooled
polymer melts that have been carefully equilibrated by the “slithering snake” algorithm. In this way
quantitatively reliable data can be obtained for distinctly lower temperatures than in the previous work
on the dynamics of this model that used the random hopping algorithm for equilibration as well. If
various mean-square displacements, the self-diffusion constant, autocorrelation functions of the end-to-
end vector, intermediate incoherent scattering functions, and single chain dynamic structure factors are
analyzed, it is found that the slowing down of relaxation times occurs according to the Vogel-Fulcher
law. Within the uncertainties of the analysis the Vogel-Fulcher temperature of all these times is the
same, 0.12 e T0 e 0.13. Particularly illuminating is an analysis of the Rouse modes, which supports
this conclusion and furthermore yields compelling evidence for the time-temperature superposition
principle. It is shown that no static cross-correlations develop between different Rouse modes in the
undercooled melt.

I. Introduction

Understanding the glass transition of polymer melts
(and other glass-forming undercooled fluids) is still a
particular challenge.1-6 The information about struc-
ture that results from elastic diffuse scattering of X-rays
or neutrons shows only small differences between the
supercooled polymer melt and the glass, although the
dynamical properties are very different. Remarkable
qualitative similarities in the behavior of chemically
very different polymers (and even non-polymeric sys-
tems1-6) also occur. Also the physical mechanisms that
can explain ubiquitous features of glassy relaxation (e.g.
the Vogel-Fulcher “law”7 describing the increase of the
relaxation times near the glass transition, the Kohl-
rausch-Williams-Watts “law”8 describing the stretch-
ing of relaxation functions, and scaling ideas like the
time-temperature-superposition principle2) remain
somewhat controversial.
In this situation the study of the glass transition by

computer simulation seems very attractive, since com-
puter simulations yield arbitrarily detailed information
about both static and dynamic properties of model
systems.9-13 However, flexible polymer chains of large
molecular weight exhibit static structure from the bond
length (1 Å), to the coil size (100 Å), and motions occur
on the scale of 10-14 s (bond length vibrations) to 10-5

s (relaxation time of the global coil configuration), even
at temperatures far above the glass transition.12,14,15
This enormous spread of both length scales and time
scales makes the fully atomistic simulation of polymeric
materials extremely difficult,12,14,15 and full thermal
equilibrium can only be reached for relatively short
chains of rather simple chemical architecture at fairly
high temperature, such as, e.g., polyethylene C100H202
at 509 K.16-18 A simulation of glassification of such
melts is only possible in the framework of extremely
rapid quenches,19-21 whose time constant is much

smaller than the single-chain Rouse time at high
temperatures. Although sometimes the view has been
expressed that all what rapid quenching does is to shift
the glass transition temperature Tg to higher temper-
atures,21,22 there now is ample evidence (for spin
glasses,23 orientational glasses,24 and structural glasses
such as undercooled Lennard-Jones mixtures25 or
SiO2

26) that both local and global physical properties
depend distinctly on the cooling rate. Hence no reliable
conclusions can be drawn from rapid quenching simula-
tions on the physical characteristics of the glass transi-
tion of a fluid which is cooled very slowly and thus held
nearly in metastable equilibrium. It is the latter
situation, of course, that is exclusively considered by the
theories that one wishes to test.1-5,27-33

Thus the bond fluctuation model34-36 has been pro-
posed as a coarse-grained model describing37-44 the
glassy freezing in of polymer melts. In this model,
effective monomers that block the eight sites of an
elementary cube of the lattice for further occupation are
connected by effective bonds that can vary in bond
length from 2 e b e x10 (all lengths being measured
in units of the lattice spacing). If an effective bond is
interpreted as a kind of Kuhn segment formed from n
successive chemical bonds along the backbone of the
chain (n ≈ 3-5),15,45 the “random hopping” algorithm
where a monomer moves by one lattice unit in a
randomly chosen lattice direction (provided this move
complies with excluded volume and bond length con-
straints) models the random configurational changes of
such Kuhn segments effected via jumps over barriers
of the torsional potential.15,45,46 Disposing of the fast
vibrational motions of bond lengths and bond angles,
and of the small scale local structure, one considerably
gains in computational efficiency37,44 (on the order of 106
attempted monomer moves are carried out per CPU
second). It has been estimated that near Tg a time
window from about 10-12 s to 10-5 s becomes acces-
sible.15,46 A glass transition is produced in the model
by introducing a Hamiltonian for the bond vector H(bB)
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that favors long bonds:39 H(bB) ) 0 if bB ) (( 3,0,0) or a
permutation thereof; H(bB) ) ε ) 1 otherwise (Figure 1).
We work at a volume fraction of φ ) 8NP/L3 ) 0.5333

occupied sites, with chain length N ) 10, number of
polymers P ) 180, and lattice linear dimension L ) 30.
This choice corresponds to the case of dense melts, as
shown elsewhere.36,39,40 In order to sample enough
different typical configurations to be really representa-
tive of a macroscopic system, 16 completely independent
“replicas” of the system are averaged over.
Nevertheless, these time scales available in the model

are still orders of magnitude smaller than the time
scales accessible in the experiment, and thus one must
expect that the effects of (relatively) fast cooling rates
will still hamper the observation of physical properties
in the simulation model. This expectation has been
proven39 in simulations where the cooling rate was
varied over several orders of magnitude (although the
time constants of these cooling rates were much larger
than the Rouse time of the chains at high temperatures,
using extremely short chains of N ) 10 effective
monomers only).
Recently it was shown that progress can be ob-

tained42,45 using dynamical Monte Carlo algorithms
with unphysical moves such as the “slithering snake”
algorithm46,47 to equilibrate the configurations of the
undercooled polymer melt. One can win about 3 orders
of magnitude in the relaxation time42,45 and generate
thus rather well-equilibrated melt configurations closer
to the glass transition temperature than with the
“random hopping” algorithm itself. In the present
paper, we hence reconsider the dynamics of such models
for undercooled polymer melts, using the slithering
snake algorithm for the generation of starting configu-
rations, which are then used for runs applying the
“random hopping” algorithm to investigate dynamical
properties of such states. Of course, at temperatures
high enough that “random hopping” can equilibrate the
system, runs with the slithering snake algorithm and
with random hopping give identical results for the static
properties, as has been discussed in detail elsewhere.42
In section II we shall present our resulting data for

the mean-square displacements of inner monomers and

of the center of gravity, discuss the resulting effective
mobility W(T) and self-diffusion constant D(T), and
analyze also the correlation functions of the end-to-end
vector. Dynamic structure factors are presented in
section III, while an analysis of chain dynamics in terms
of Rouse modes is given in section IV. Finally, section
V summarizes our conclusions.

II. Mean Square Displacements and
Time-Dependent Correlation Functions
Figure 2 shows a log-log plot of the mean-square

displacement g1(t) of inner monomers vs time

Here 〈...〉 stands for an average over the two innermost
monomers n of each chain (chain length N ) 10), over
all polymers in the simulated system, and over 16
independent configurations. Thus the statistics of g1-
(t) is based on an average over 5760 effective monomers.
The data of Figure 2 extend over 7 decades in time

and allow one to distinguish several regimes. In the
time interval 1 e t e 10 MCS the increase of g1(t) with
t is relatively fast, and the slope in this regime is not
strongly temperature dependent. In the regime from
about t≈ 10 MCS to the chain relaxation time τ (defined
e.g. by the condition that g1(t ) τ) ) 〈R2〉, the mean-
square end-to-end distance of the chain) the increase
of g1(t) with t is clearly subdiffusive, g1(t) ∝ tx1 (x1 < 1),
and the (effective) exponent x1 clearly decreases with
decreasing temperature. At times t > τ, one has a
simple diffusive behavior

where D is the self-diffusion constant of the chains.
For non-entangled chains (note that N ) 10 is about

four times smaller than the entanglement chain length)
at times t < τ, the Rouse model48,49 predicts a simple
diffusion on the scale of the effective segment length l
(which is of the same order as 〈b2〉1/2)

Figure 1. Sketch of a possible configuration of effective
monomers belonging to different chains in the melt in order
to illustrate the effect of the energy function H(bB). All bond-
vectors bB have the energy H(bB) ) ε ()1 in our units) except bB0
) (( 3,0,0) {or permutations thereof} for which H(bB) ) 0.
However, this vector “blocks” four sites (marked by white
circles) for further occupation, since two monomers may not
overlap. E.g., due to this excluded volume interaction, the jump
indicated by the large arrow is forbidden. As more and more
bonds take their ground state bB0, more and more free volume
is wasted by the blocked sites, and in a dense polymer melt
for some bonds it becomes impossible to reach their ground
state due to these constraints in their neighborhood. This
“geometric frustration” leads to glassy behavior. Figure modi-
fied from Baschnagel et al.39

Figure 2. Log-log plot of the mean-square displacements of
inner monomers g1(t) vs time t, for chains of length N ) 10
and a volume fraction φ ) 0.533 of occupied sites, at seven
temperatures from T ) 0.60 (top curve) to T ) 0.2 (bottom
curve), as indicated by different symbols. Note that at each
temperature (measured in units of ε ) 1, note kB ≡ 1) the
initial state at time t ) 0 was obtained from configurations
carefully equilibrated with the slithering snake algorithm. All
data are for 30 × 30 × 30 lattices with periodic boundary
conditions. Time is measured in units of attempted Monte
Carlo steps per monomer (MCS).

g1(t) ≡ 〈[rbn(t) - rbn(t ) 0)]2〉 (1)

g1(t) ) 6Dt, t > τ (2)
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where W is a rate describing the jumps of the effective
monomers per unit time, while subdiffusive behavior is
predicted at later times

where ê is the screening length of excluded volume
interactions.36,50 Since in dense melts ê and l are of the
same order of magnitude, the observability of the regime
described by eq 4 is very much restricted. In addition,
an inspection of Figure 2 shows that (i) the crossover
from eq 3 to a slower relaxation already occurs for mean-
square displacements g1(t) on the order of 0.1, i.e. much
smaller mean-square displacements than 〈b2〉, and (ii)
the exponent x1 in the law g1(t) ∝ tx1 is compatible with
eqs 4 or 5 only at rather high temperatures, while for T
e 0.3 effective exponents x1(T) < 1/2 are obtained. The
smallness of these effective exponents also reflects the
“cage effect”5,27sthe diffusion of the monomers is strongly
hindered by their environment. On the basis of Figure
2 one can already conclude that for an undercooled melt
the Rouse model in its standard simple form does not
hold, because eq 5 is not verified. In section IV we shall
see, however, that a generalized type of Rouse dynamics
still holds, with Rouse modes that show stretched
exponential decay rather than the standards simple
exponential decay.49
In view of the fact that none of eqs 3-5 is clearly seen

in the log-log plot in Figure 2, the estimation of the
rate factor W(T) is not straightforward. We thus have
tentatively considered plots of g1(t) vs t1/(1+1/2ν) ) t0.54,
since in these plots one can find significantly large
regions in time where g1(t) can be described as a straight
line with a nonzero intercept, i.e. g1(t) ) m(T)t0.54 + n(T),
wherem(T) is some effective mobility and the intercept
n(T) accounts for the fact that for very short times (t e
10 MCS) a faster increase of g1(t) with t holds (similar
to the prediction in eq 3). Interpreting thenm(T) ) 〈b2〉-
W0.54 and using the temperature dependence of the
mean-square bond length, which was independently
estimated,51 we obtainedW(T) (see Figure 5 below). The
temperature dependence of W(T) can be fitted reason-
ably well by the Vogel-Fulcher law7

with fit parametersW∞ ) 0.0057, Aw ) 0.85, and T0
w )

0.146. It is easily shown51 that neither the Arrhenius
law nor the Baessler law52

yield an adequate fit of our data for W(T).
Figure 3 now presents our data for the mean-square

displacement of the center of mass

Again different regimes can be distinguished. At high
temperatures (e.g. T ) 0.4) g3(t) shows a subdiffusive
behavior for times t for which g3(t) is clearly smaller
than the mean-square gyration radius 〈Rgyr

2〉, g3(t) ∝ tx3
with x3 ≈ 0.75. For times t, for which g3(t) exceeds
〈Rgyr

2〉, we obtain a simple diffusive behavior

at large enough times.
Due to eq 9, we estimate the self-diffusion constant

D from plotting g3(t)/6t vs 1/t, looking for a horizontal
plateau at the origin of the plot. In this way the
temperature dependence of D could be estimated for T
g 0.21, while for T e 0.20 no plateau is yet reached even
for the largest times, and hence at best upper bounds
for D(T e 0.20) can be given. Estimates for D(T) are
included in Figure 5 below. Again a Vogel-Fulcher fit
describes the data reasonably well in the temperature
interval 0.23 e T e 0.40

with fit parameters D∞ ) 0.0027, AD ) 0.76, and T0
D )

0.129. It is remarkable that these fit parameters
disagree markedly from the parameters obtained by
Baschnagel et al.,39 D∞ ) 0.00861, AD ) 0.396, and T0

D

) 0.17. These different fit parameters are due to the
fact that Baschnagel et al.39 used the random hopping
algorithm also for equilibration, which restricted the
determination of reliable diffusion data to the temper-
ature interval 0.25 e T e 1.0. It thus is obvious that
the parameters of the Vogel-Fulcher fit depend very
sensitively on the temperature interval of the fit, as also
was found experimentally.53 However, the present
estimates are for somewhat lower temperatures than
used by Baschnagel et al.39 and therefore should be
preferred. Moreover the present estimate for T0

D now
is distinctly lower than the estimate for the critical
temperature Tc resulting from a fit to modecoupling
theory,54,55 Tc ≈ 0.15, as it should be.5,6
Idealized mode coupling theory (MCT) would repre-

sent an alternative to the Vogel-Fulcher analysis, since
it predicts a power law dependence of the diffusion
coefficient and of relaxation times on temperature. In
fact, fitting data in the temperature range 0.25 e T e
0.40 to power laws yields fits of acceptable quality, but
the resulting critical temperature is unreasonably high,
Tc ≈ 0.22, inconsistent with our data taken at lower
temperatures that were not included in this fit. Obvi-
ously, such an analysis in terms of power laws is
misleading here, since the MCT power law prediction
is only valid asymptotically close to Tc. The previous
analysis54,55 revealed this asymptotic regime to start at
T ) 0.21 for the present model, outside the range of the
above fit, and predicted Tc ≈ 0.15. On the other hand,

g1(t) ∝ l2(Wt), g1(t) < l2 or t < 1/W (3)

g1(t) ∝ l2(Wt)1/(1+1/2ν), l2 < g1(t) < ê2 (4)

g1(t) ∝ ê2(l/ê)1+1/2ν (Wt)1/2, ê2 < g1(t) < 〈R2〉 (5)

W(T) ) W∞ exp[-Aw/(T - T0
w)] (6)

W(T) ) W∞′ exp[-A′/T2] (7)

g3(t) ) 〈[Rcm(t) - Rcm(t ) 0)]2〉 (8)

Figure 3. Log-log plot of the mean-square displacement of
the center of mass g3(t) vs time t, for the same parameters as
shown in Figure 2.

g3(t) ) 6Dt (9)

D(T) ) D∞ exp[-AD/(T - T0
D)] (10)
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the extended version28 of MCT (that attempts to include
the so-called “hopping processes”) implies that very close
to Tc these critical singularities are in fact rounded off;
therefore, the precise temperature regime where a
power law description of our data is appropriate is
rather uncertain. Hence a description in terms of power
laws is not considered further in the following.
We emphasize that the subdiffusive behavior g3(t) ∝

tx3 (with x3 < 1) mentioned above really is in disagree-
ment with the simple Rouse model, which rather would
require that eq 9 holds at all times.48,49 Actually, the
situation becomes worse at lower temperatures, where
a crossover occurs from g3(t) ∝ tx3 with x3 ≈ 0.75, which
then is only seen for very short times (t e 100 MCS) to
a still slower anomalous diffusion with a temperature-
dependent exponent {e.g., x3(T ) 0.27) ≈ 0.60 in this
regime while x3(T ) 0.20) ≈ 0.45}. The time interval
over which this extremely slow motion occurs is roughly
the same time interval over which one observes a
slowing down of the monomer displacements g1(t) due
to the “cage effect”. Of course, qualitatively it is clear
that during the average “lifetime” of the cages relatively
little diffusion is possible, and only on the time scale
on which these “cages” have decayed can standard
Rouse-like diffusion set in.
These observations are strengthened by a direct

comparison of g1(t) with g3(t) and with the mean-square
displacement g2(t) of inner monomers in the center of
mass system of each chain

See Figure 4. At T ) 0.40, the behavior is typical of
the Rouse model:36,56 g1(t) ≈ g2(t) until the time where
g1(t) ≈ 〈Rgyr

2〉, where g2(t) starts to level off and
ultimately saturates at 〈Rgyr

2〉 as t f ∞. Note that g1(t)
and g3(t) merge when g1(t) ≈ 〈R2〉. At T ) 0.23, this
type of behavior is still visible, although now there is a
pronounced flattening of all curves on the log-log plot
due to the “cage effect”. The mean-square displacement
g1(t) ≈ 0.1 where the onset of this flattening occurs
means that many monomers cannot move at all, since
the minimum jump distance of a monomer is unity, of
course.
At T ) 0.19, however, the behavior of the mean-

square displacements is very anomalous, because for g1-
(t) g 0.1 all displacements g1(t), g2(t), and g3(t) nearly
coincide. This means that there is a strong correlation
in the motion of the center of mass and of the monomers
of the chain. Clearly, Figure 4c is even in qualitatives
not just quantitativesdisagreement with the basic ideas
of the Rouse model, where basically random motions of
individual monomers are propagated along the back-
bone of the chain. These deviations from the simple
Rouse description make it also more difficult to extract
relaxation times from the mean-square displacements.
Following the ideas of Paul et al.,56 it is convenient to
define relaxation times τ(1), ..., τ(5) in terms of the
following crossing criteria:

The relaxation time τ(4) is one of the largest relaxation
times that can be found in the system, and it can be
taken as measuring the Rouse time τR, under conditions

for which the Rouse model holds. Due to the problems
noted in Figure 4, the times defined in eq 12 have been
estimated for T g 0.23 only (Figure 5a). We have also
fitted these data by Vogel-Fulcher laws

with T0
(i) ) 0.124, A(1) ) 0.92, τ∞

(1)-1 ) 0.0053; T0
(2) )

g2(t) ) 〈[rbn(t) - RBcm(t) - rbn(0) + RBcm(0)]
2〉 (11)

g1(t ) τ(1)) ) 〈Rgyr
2〉, g1(t ) τ(2)) ) 〈R2〉,

g3(t ) τ(3)) ) 〈Rgyr
2〉, g3(t ) τ(4)) ) 〈R2〉,
g2(t ) τ(5)) ) g3(t ) τ(5)) (12)

Figure 4. Log-log plot of the mean-square displacements g1
(t) ()), g2(t) (+) and g3(t) (0) vs time t at T ) 0.40 (a) at T )
0.23 (b), and at T ) 0.19 (c). Horizontal straight lines show
〈R2〉 (upper line) 〈Rg

2〉 (middle line), and 〈b2〉 (lower line).

τ(1) ) τ∞
(i) exp[A(i)/(T - T0

(i))] (13)
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0.124, A(2) ) 0.87, τ∞
(2)-1 ) 0.00034; T0

(3) ) 0.126, A(3) )
0.85, τ∞

(3)-1 ) 0.0017; T0
(4) ) 0.124, A(4) ) 0.88, τ∞

(4)-1 )
0.00030; T0

(5) ) 0.122, A ) 0.84, τ∞
(5)-1 ) 0.0020.

According to the Rouse model, one expects τ(1), ..., τ(5) to
be proportional to the Rouse time τR so that their
temperature dependence should be the same. In fact,
within the error bars, we find A(i) and T0

(i) to be
independent of the index i, in spite of the difficulties
with the Rouse model noted above.
Next, we consider the autocorrelation function of the

end-to-end vector RB defined by

See Figure 6. Figure 6a shows that the relaxation of
φete is strongly stretched so that it does not completely
decay for T e 0.23 in the studied time window. Despite
this strong increase of the polymer relaxation time, the
correlation function relaxes in a self-similar fashion, at
least at high temperatures T g 0.23, since all curves in
that temperature regime can be shifted onto a common
master curve by simply rescaling the time axis with a
temperature dependent relaxation time τete (see Figure
6b). This relaxation time was defined as the time at

which φete(τete) ) 0.2. The resulting master curve can
be rather well described by a Kohlrausch-Williams-
Watts stretched exponential function

The temperature dependence of τete may be fitted by
a Vogel-Fulcher law again; see Figure 14 below.
Similar observations were also made for the dynamic
behavior of glassy polymer films.57

III. Dynamic Structure Factors
Both the incoherent and the single chain coherent

scattering functions, φq
s(t) and φq

p(t), have been evalu-
ated according to the following formulas

and

where 〈...〉 denotes the thermodynamic average over all
polymers and configurations, as usual, and [...]q is the
spherical average over all q vectors with the same value

Figure 5. Semilog plot of various relaxation times vs tem-
perature. Part a shows the relaxation times τ(1) defined by eq
12, τ(1) ()), τ(2) (+), τ(3) (0), τ(4) (×), and τ(5) (4), whereas part b
compares the temperature dependence of τ(4) (+) and τ(5) ())
with that of the diffusion constant D (0) (see eq 9) and the
monomer mobility W (×) (see eq 4). The solid lines are fits to
the Vogel-Fulcher equation (see Table 1).

φete(t) )
〈RB(t)RB(0)〉 - 〈RB(t)〉〈RB(0)〉

〈RB2(0)〉 - 〈RB(0)〉2
(14)

Figure 6. (a) Plot of the end-to-end vector correlation function
φete(t) vs the logarithm of time, for temperatures from T ) 0.16
(topmost curve) to T ) 0.60 (lowest curve). (b) Plot of φete(t) vs
the logarithm of the rescaled time t/τete ) t*. Equation 15 is
included as a dotted line and falls perfectly on the data points
apart from a small region near t* ≈ 105.

φete(t) ) exp[-(t/τete)
y] y ≈ 0.67 (15)

φq
s(t) )

1

N
∑
n)1

N

[〈exp[iqb(rbn(t) - rbn(0))]〉]q (16)

φq
s(t) )

1

N
∑

n,m)1

N

[〈exp[iqb(rbn(t) - rbm(0))]〉]q (17)
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q. Note that φq
s(t) correlates the position of a monomer

n, rbn(t), at the time t to its position at time t ) 0, whereas
φq
p(t) also incorporates interference effects between
different monomers along the same chain. Figures 7
and 8 show these data for a representative q value, q )
2.92, which corresponds to the maximum of the static
structure factor.39
From the “raw data” in Figures 7 and 8, one can

already see rather clearly that the decay of φq
s(t) and

φq
p(t) is not compatible with a simple relaxation as
observed for φete(t), which was described by a single
stretched exponential function over the whole range.
Rather it is obvious that, at temperatures below T ≈
0.2, a two-step relaxation process develops: φq

s(t) and
φq
p(t) first decay toward a plateau at about φ ≈ 0.8-0.9;
the lifetime of this plateau strongly increases as the
temperature is lowered. Then this plateau decays again
with a second relaxation process. Such a two-step
relaxation behavior has been predicted by the mode
coupling approach to the strutural glass transition for
simple liquids.5,27,28 In refs 54 and 55, it was shown
that mode coupling theory can quantitatively account
for the decay of φq

s(t) in the intermediate time window
of the two-step process. This was interesting due to two
reasons: First, the employed polymer model is structur-
ally much more complicated than a simple liquid for

which the theory was originally designed. This analysis,
therefore, corroborated the theoretical assertion that
there are universal features in the dynamics of super-
cooled liquids, which are largely independent of the
microscopic properties of the glass former. Second, a
coherent analysis was possible, although the polymer
configurations were not completely equilibrated. These
residual nonequilibrium effects particularly affected the
final (R) relaxation of φq

s(t) and (presumably also) the
temperature dependence of an important theoretical
parameter, the so-called “hopping parameter”, which
triggers the R-relaxation close to Tc. It would therefore
be worthwhile to repeat the analysis for the present
completely equilibrated configurations to estimate what
the impact of nonequilibrium effects on the theoretical
parameters is and to apply the resulting theoretical data
to interprete the decay of φq

s(t) at other q values than q
) 2.92 and of φq

p(t). Such an application of mode
coupling theory will be done in the future. In the
present work, we want to test to what extent the time-
temperature superposition principle and the Rouse
model hold for φq

s(t) and φq
p(t). Since φq

s(t) and φq
p(t) are

qualitatively very similar, we only discuss φq
s(t).

To test the time-temperature superposition we again
define a relaxation τ(q) by requiring φq

s(t ) τ(q)) ) c(q),
where the constant c(q) has to be chosen such that one
has clearly left the first plateau of φq

s(t). E.g., for q )
2.92 we choose c(q) ) 0.629 to still include T ) 0.18,
since the previous mode coupling analysis showed that
temperatures below T ) 0.22 belong to the asymptotic
regime close to Tc ≈ 0.15. The resulting scaling plot is
depicted in Figure 9a. Although there is an approxi-
mate collapse of the high-temperature data (T g 0.4)
the results for low temperatures (T e 0.23) superimpose
on a master curve much better. The smaller the
temperature, the smaller the rescaled time t/τ(q) at
which the individual φq

s(t) data deviate from the mas-
ter curve, since τ(q) increases with decreasing temper-
ature and the time window, where φq

s(t) is close to the
plateau, extends. Qualitatively, such a behavior is in
agreement with mode coupling theory.
Data for other values of q are quite similar51 and

hence are not shown here. Rather we proceed by testing
the extent to which our results for φq

s(t) are compatible
with the simple Rouse model which predicts49,58

Note that eq 18 results from the assumption that the
displacements are distributed according to a Gaussian
probability distribution; i.e. eq 18 is more general than
the Rouse model.
Figure 9b shows a plot of φq

s(t) vs g1(t), including eq
(18). While at high temperatures (T g 0.4) there is
indeed an approximate superposition in a plot of φq

s(t)
vs g1, at lower temperatures this superposition holds
only for small g1 {namely g1 e 0.2} but breaks down
for larger g1. The fact that the superposition holds for
q2g1(t)/6 , 1 is trivial, of course, since to first order in
q2 the Taylor expansions of eq 16 and eq 18 are identical.
But it is interesting to note that deviations from the
simple exponential decay (eq 18) actually set in for
rather small values of g1 already. Thus even in the
high-temperature regime there is some stretching of the
relaxation function occurring, due to a distribution of
relaxation times. For large g1, dramatic deviations from

Figure 7. Plot of the dynamic intermediate incoherent
scattering function φq

s(t) vs time (on a logarithmic scale) for
various temperatures as indicated in the figure. The wave-
number is q ) 2.92, which corresponds to the maximum of
the static structure factor.

Figure 8. Same as Figure 7, but for the single chain coherent
scattering function φq

p(t).

φq
s(t) ) exp{-q2g1(t)/6} (18)
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eq 18 occur, as expected. It also must be stressed that
for the large wave vectors qb studied here the simple
relation lnφq

s(t) ∝ q2 predicted by eq 18 does not hold
either. This behavior is tested in Figure 11 where
lnφq

s(t)/q2 is plotted vs g1. The q vectors studied clearly
splay out rather than collapsing on a master curve. This
deviation from the Rouse model is found both at low
and at high temperatures.

IV. Analysis of the Rouse Modes

In the Rouse model,48,49,58,59 a chain of N effective
monomers connected by harmonic springs is exposed to
a medium which exerts friction (and random, uncorre-
lated forces) on the beads of the chain. As is well-
known, a transparent formulation of the dynamics of
this model results if one transforms from the dynamics

Figure 9. (a) Plot of the dynamic incoherent scattering
function φq

s(t) vs the rescaled time t* ) t/τ(q), for q ) 2.92. For
clarity, only four temperatures near the glass transition and
three temperatures far above Tg are included. (b) Same data
as in part a but plotted vs g1(t). Equation 18 is included, as
indicated.

Figure 10. Plot of ln φq
s/q2 vs g1, for T ) 0.3 and six

wavenumbers as indicated.

Figure 11. (a) Plot of the mean-square amplitude 〈|XBp(0)|2〉
of the Rouse modes at T ) 0.23 vs mode index p. Crosses
denote the simulation results, while diamonds were calculated
from the first line of eq (23) with l ) 〈b2〉1/2. (b) Log-log plot of
〈|XBp(0)|2〉 vs p at four temperatures in the supercooled melt
regime. Straight line shows eq 23, using 〈R2〉 ) 117 for T )
0.23. (c) Static correlation function 〈XBp(0)XBp(0)〉 for q ) 1 plotted
vs modes index p for six temperatures as indicated.
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of the coordinates rbn(t) of the nth effective monomer to
the normal coordinates XBp(t)

These normal coordinates are uncorrelated and exhibit
a simple exponential decay

whereas the zeroth Rouse mode is related to the motion
of the center of mass {i.e., to g3(t)}. The amplitude
function κp is expressed in terms of the chain length N,
the Rouse modes p, and an effective bond length l as

while the relaxation time τp of the individual modes
additionally contains the monomer friction coefficient
z

In the Rouse model the effective bond length accounts
for the short-range interactions along the backbone of
the chain. Often, it is taken to be identical to the bond
length 〈b2〉1/2 of the used polymer model. This is also
the point of view adopted in the analysis of the mean-
square displacements in section II. Strictly speaking,
however, such an identification is only valid for a freely-
jointed chain,49,59 where the persistence length lp is
〈b2〉1/2 so that 〈R2〉 ) 〈b2〉(N - 1), while 〈R2〉 ) lp(T)〈b2〉1/2(N
- 1) with lp(T) > 〈b2〉1/2 in our case.
In order to test to what extent our model exhibits

Rouse-like behavior, we consider the static correlation
[see eqs 20-22), for p > 0

Figure 11a shows a comparison of the first part of eq
23 with the simulation data for p ) q and the choice l2
) 〈b2〉 at T ) 0.23. Qualitatively, simulation and theory
exhibit the same behavior. The static correlation 〈|xbp-
(0)|2〉 increases with decreasing p value, but quantita-
tively the Rouse prediction underestimates this in-
crease. Since l2 appears in the numerator of eq 23, a
replacement of l2 ) 〈b2〉 by the effective segment length
square defined as l2 ) 〈R2〉/(N - 1) > 〈b2〉 would improve
the agreement, e.g., 〈R2〉 ) 117.35 so that 〈|xbp(0)|2〉 )
6.66, which is closer to the simulation data. Using,
therefore, l2 ) 〈R2〉/(N - 1), Figure 11b tests the
continuum approximation (i.e., the second part) of eq
23 for p ) q at different temperatures. The figure shows
that there is an intermediate regime of p values, where
〈|xbp(0)|2〉 ∝ p-2, although our chains are rather short (N
) 10). This regime expands with increasing tempera-

ture (i.e., p ) 2,3 for T e 0.3 and p ) 2-5 for T ) 0.4-
0.6), since the corresponding decrease of the persistence
length allows the continuum approximation to be ap-
plied to smaller distances along the chain backbone. The
fact that lp > 〈b2〉1/2 explains the difference between the
simulation data and eq 23 at very small p values.
A further important prediction of eq 23 is the orthogo-

nality of different Rouse modes. Figure 11c illustrates
that, to a very good approximation, static correlations
between different Rouse modes indeed vanish (Figure
11c gives an example for q ) 1; data for higher q (q )
2.3) are similar51). Thus no nontrivial pair correlations
develop in the single-chain configurations of supercooled
melts, apart from those picked up by the persistence
length.
Since we find that in the framework of the Rouse

modes the behavior of the model is unexpectedly close
to the theoretical predictions, it is of interest to study
the dynamics of the autocorrelation of these modes
(Figure 12). Defining a relaxation time τp of the pth
mode empirically by requiring that 〈XBp(t ) τp)XBp(0)〉/〈|XBp-
(0)|2〉 ) 0.4, we find a very good time-temperature
superposition principle (Figure 13a). However, these
data clearly deviate from an exponential function,
predicted by eq 20sinstead the master curves can again
be represented by stretched exponentials, as for the end-
to-end vector correlation (eq 15). However, a compari-
son of different modes shows (Figure 13b) that the
relaxation functions become the broader the higher the
mode index. A possible interpretation of this behavior
is that different chains experience different environ-

XBp(t) )
1

N
∑
n)1

N

rbn(t) cos[pπ(n - 1/2)

N ],
p ) 0, 1, ..., N - 1 (19)

〈XBp(t)XBq(0)〉 ) δpq
3kBT
κp

exp(-t/τp), p ) 1, ..., N - 1

(20)

κp )
24NkBT

l2
sin2[pπ

2N]98
p/N , 1 6π2kBT

Nl2
p2 (21)

τp )
zl2

12kBT(sin[pπ

2N])-2

98
p/N , 1 zN2l2

3π2kBTp
2
,

p ) 1, ..., N - 1 (22)

〈XBp(0)XBq(0)〉 ) δpq
l2

8N[sin pπ

2(N - 1)]-2

98
p/N , 1

δpq
Nl2

2π2p2

(23)

Figure 12. (a) Normalized autocorrelation function 〈XB1(t)XB1-
(0)〉/〈|XB1(0)|2〉 of the first Rouse mode plotted vs time for six
temperatures as indicated. (b) Normalized autocorrelation
function 〈XBp(t)XBp(0)〉/〈|XBp(0)|2〉 of the first six Rouse modes at T
) 0.23 plotted vs time.
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ments, and this “dynamic heterogeneity”60 causes a
distribution of relaxation times for the Rouse modes.
This idea will be explored elsewhere.60
Finally, Figure 14 summarizes the temperature de-

pendence of the relaxation times of the first three Rouse
modes. For comparison, the time τete and representative
times τ(q) are included. Again one finds that the data

can be well fitted by Vogel-Fulcher laws, τp ) τp
∞ exp-

[Ap/(T - T0
p)], with the following parameters: τ1

∞ )
0.014, A1 ) 0.87, T0

1 ) 0.125; (τ2
∞)-1 ) 0.048, A2 ) 0.85,

T0
2 ) 0.1265; τ3

∞ ) 0.0115, A3 ) 0.86, T0
3 ) 0.1277; etc.

Again it is gratifying to note that within the accuracy
of the fit all Ai are the same and also the T0

i are the
same and moreover in ageement with the Vogel-
Fulcher temperatures extracted from the other data,
discussed in the previous sections. Note that τete is
described by τete ) τete

∞ exp[Aete/(T - T0
ete)], with τete

∞ )
0.00065, Aete ) 0.768, and T0

ete ) 0.132, while the
corresponding parameters for τ(q ) 1.65) are τq

∞ ) 0.1,
Aq ) 0.86, and T0

q ) 0.133, and for q ) 3.20, τq
∞ ) 0.57,

Aq ) 0.94, and T0
q ) 0.128. Thus, although there is a

wide variation of the prefactors τ∞ over 3 orders of
magnitude, all analyzed data yield the parameters A
and T0 of the exponential factor in reasonable agree-
ment with each other, as it should be.

V. Discussion and Some Conclusions
In the present work, we have analyzed the dynamics

of monomers and single chains in dense nonentangled
polymer melts, studying the effect of temperature varia-
tion in the region well above the glass transition of the
model. From the analysis of various properties, we
conclude that the model has a relatively well-defined
Vogel-Fulcher temperature T0 in the range 0.12 e T0
e 0.13, while previous work54,55 using mode coupling
theory5,28 had yielded an estimate Tc ≈ 0.15 for the
critical temperature of mode coupling theory. As a
consequence, the empirical glass transition temperature
Tg (defined by requiring that the largest relaxation time
of the system becomes macroscopic, e.g. τ1 ) 1 s, while
the simulation time unit is many orders of magnitude
smaller, such as 1 MCS ) 10-11 s) should be somewhere
in the range 0.13 e Tg e 0.15. The temperature region
analyzed here, i.e. mostly the range from 0.2 e T e 0.6,
thus roughly would correspond to the region from T )
1.4Tg to T ) 4.2Tg in a real experiment; i.e., we probe
the region of moderately viscous (slightly supercooled)
polymer melts. Note that we use a model on the simple
cubic lattice without any attractive intermolecular forces
at constant density, and such an approach is clearly too
coarse-grained to exhibit a physically meaningful melt
to the crystal transition, of course.
Our chain length ofN ) 10 effective monomers (which

physically corresponds to a degree of polymerizationNp
≈ 30-50, since each effective bond comprises n ≈ 3-5

Figure 13. (a) Normalized autocorrelation function 〈XB1(t)XB1-
(0)〉/〈|XB1(0)|2〉 of the first Rouse mode plotted vs rescaled time
t* ) t/τ1. Six temperatures are included as indicated. A simple
exponential curve is included for comparison. (b) Normalized
autocorrelation functions 〈XBp(t)XBp(0)〉/〈|XBp(0)|2〉 of the first six
Rouse modes plotted vs rescaled time t* ) t/τp at T ) 0.23.

Figure 14. Relaxation times τ plotted vs temperature τ(q)
for q ) 1.65 ()) and q ) 3.20 (+), τete (0) and τp for p ) 1 (×),
p ) 2 (4) and p ) 3 (*). Solid curves show the Vogel-Fulcher
fits mentioned in the text.

Table 1. Survey of the Vogel-Fulcher Parametersa

quantity fit interval prefactor A T0

W 0.21-0.40 0.0057 0.85 0.146
D 0.23-0.40 0.0027 0.76 0.129
1/τ(1) 0.23-0.40 0.0053 0.92 0.124
1/τ(2) 0.25-0.40 0.00034 0.87 0.124
1/τ(3) 0.23-0.40 0.0017 0.85 0.126
1/τ(4) 0.25-0.40 0.00030 0.88 0.124
1/τ(5) 0.23-0.40 0.0020 0.84 0.122
1/τete 0.23-0.40 0.00065 0.768 0.132
1/τ (q ) 1.65) 0.20-0.40 0.1 0.86 0.133
1/τ (q ) 3.2) 0.18-0.40 0.57 0.94 0.128
1/τ1 0.23-0.40 0.014 0.87 0.125
1/τ2 0.23-0.40 0.048 0.85 0.127
1/τ3 0.23-0.40 0.0115 0.86 0.128
a τ ) prefactor × exp[A/(T - T0)], for various relaxation times:

monomer mobilityW (eq 4), diffusion coefficientD (eq 9), relaxation
times τ(i), i ) 1, ..., 5 (eq 12), end-to-end vector relaxation time τete
(eq 15), scaling time τ(q) of φq

s(t) at q ) 1.65, 3.2 [see Section III],
and Rouse mode relaxation time τp for p ) 1,2,3 (Eq 22)
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chemical monomers)12,14,15,45 is long enough that static
properties of chains are very close to Gaussian statistics
already (e.g. the single chain structure factor is very
well fitted by the Debye formula,40 etc.) but at the same
time short enough that entanglement effects certainly
are not present.36,56 Thus one would naively expect that
the dynamics of the chains is well described by the
Rouse model, and all what happens is that there is a
slowing down due to a temperature-dependent friction
coefficient z(T) in the Rouse times τp (eq 22).
However, our simulations yield clear evidence that

this picture is far too simple: on the one hand, we do
find that the Rouse modes XBp (eq 19) do not develop any
significant static correlations among each other, and in
this sense they remain well-defined “eigenmodes” of the
polymer chains. This observation is consistent with the
fact that for all temperatures studied the chains retain
their Gaussian properties, although due to the local
“stiffening” of the chains (caused by the energetic
preference of the “long” bond vector bB0) the mean-square
gyration radius increases from about 〈Rg

2〉 ≈ 13 at high
temperatures to about 〈Rg

2〉 ≈ 22 at low tempera-
tures.39,51 On the other hand, the decay of the Rouse
modes is not at all consistent with the simple exponen-
tial relaxation, eq 20. Already the first Rouse mode,
Figure 12sand the related relaxation function of the
end-to-end vector, Figure 6sdisplays a relaxation with
a stretched exponential function rather than a pure
exponential, and the stretching of the relaxation func-
tions of the higher Rouse modes becomes even more
pronounced; see Figure 13b.
A simple concept to explain the observed behavior is

that dynamic heterogeneity60,61 develops already at the
rather high temperatures studied with our model of a
polymer melt. The simplest way to include this phe-
nomenon would be to use for each polymer chain an
individual friction coefficient zchain and average eq 20
over a suitable distribution function P(T, z) of friction
coefficients, thus representing the different environ-
ments causing different relaxation rates. However, such
a picture is still too simplified, because it cannot explain
that the stretching of the relaxation functions increases
with increasing mode index p.
Instead we have to include a strong variation in

effective friction coefficients on the scale of the effective
monomer itself, reflecting the fact that more and more
effective monomers are temporarily “blocked” in their
motions by the “cages” formed in their environment as
the temperature is lowered. This “cage effect” is also
seen very clearly in the behavior of the mean-square
displacements of monomers, of the center of gravity
motion, and in the dynamic structure factors.
In the mean-square displacements this effect shows

up via intermediate periods of anomalously slow motion
(“anomalous diffusion”), at temperatures T e 0.3, i.e.
far above the temperature region where possibly mode
coupling theory applies the motions are already signifi-
cantly hindered.
Of course, it would be of great interest to study

temperatures closer to Tg. In the present work, we have
made every effort to study the dynamics of the model
system in (metastable) thermal equilibrium. Since
systems that are not well enough equilibrated do show
pronounced aging phenomena,62 the dynamics of relax-
ation functions55 and mean-square displacements in not
well equilibrated samples is strongly history-dependent
and hence even more cumbersome to analyze. We
rather feel what is required next is an analytical

extension of the Rouse model to deal with the effect of
locally different and slowly relaxing environments.
Such a description should be a good microscopic starting
point for a theory of the dynamics of glassy relaxation
in polymers.
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